Abstract. We present a procedure for computing the log-canonical threshold of an arbitrary ideal generated by binomials and monomials.
Introduction
The multiplier ideal of an ideal a can be defined from the analytic or algebraic point of view, see for example [BL04] or [Laz10] . In this paper we use the algebraic approach which involves resolution of singularities. Fix a log-resolution Π : Y → X of an ideal a ⊆ O X over a field of characteristic zero, the multiplier ideal of a is J (a) = Π * O Y (K Y /X − F ) where K Y /X is the relative canonical divisor, and the divisor F defines the total transform of the ideal, a · O Y = O Y (−F ). This definition can be extended for any real number t ≥ 0, then we can attach to the ideal a a collection of multiplier ideals J (t · a) = J (a t ). These ideals and the invariants arising from them have been widely studied. See [BL04] for an introduction and [ELSV04] for some applications. One of the main invariants defined in terms of multiplier ideals is the log canonical threshold. The log canonical threshold of the ideal a is the smallest number t > 0 making the ideal J (a t ) non trivial, and it is a measure of the singularities of the functions f ∈ a. Computing multiplier ideals and log canonical thresholds from their definition is difficult in general. In the case of monomial ideals, Howald [How01] proved that it is possible to compute the multiplier ideal and the log canonical threshold using the Newton polyhedron associated to the ideal. For binomial ideals, some cases are known. Shibuta and Takagi [ST09] gave a procedure based in linear programming to compute the log canonical threshold of complete intersection binomial ideals and the defining ideals of monomial curves in 3-dimensional space. See also [Tho14] where a formula for multiplier ideals of monomial curves in 3-dimensional space is presented.
We say that an ideal a is a general binomial ideal if a may be generated by monomials and binomials (2.10). We prove in theorem 4.10 that a log-resolution of a is non necessary to compute the log canonical threshold of a. It is enough to achieve what we have called a pseudo-resolution (3.5), where the total transforms of the generators of the ideal are products of monomials and binomial hyperbolic equations. The key point is that, after a pseudo-resolution, computation of the log canonical threshold reduces to two simple cases addressed in lemmas 4.8 and 4.9. Weak pseudo resolutions (3.3) are close to the toric desingularization morphisms defined in [GPT02] , see also [Tei04, Section 6 ].
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Theorem 4.18 shows that computation of the log canonical threshold of a is reduced to the problem of computing the minimum of a function lct (M + ,M − ,u) (4.13), defined in terms of the generators of the ideal. The function lct (M + ,M − ,u) is defined for every v ∈ R n ≥0 and it is not continuous in general, however proposition 4.16 shows that there exist a fan Γ with support R n ≥0 and such that the function lct (M + ,M − ,u) is continuous in the relative interior of every cone of Γ. The minimum of lct (M + ,M − ,u) , and hence the log canonical threshold of a, is attained at some ray of the fan Γ, see proposition 4.19. Our results generalize the procedure presented in [ST09] and lets to calculate the log canonical threshold for arbitrary binomial ideals, including the non complete intersection case. Shibuta-Takagi procedure relies on a linear programming problem formulated only in terms of the exponents of the monomials appearing in the generators of the ideal. We illustrate in example 5.6 that the log canonical threshold also depends on the coefficients of the binomials generating the ideal.
We also show, corollary 3.14, a constructive procedure to obtain a pseudo-resolution of a general binomial ideal. This procedure is based on Zeillinger's idea [Zei06] for solving Hironaka's polyhedra game. Using this idea only centers of codimension two are used for blowing-up. We use the same invariants as in [Gow05] where the author obtains a log-resolution for monomial ideals.
We include in section 5 several examples to illustrate our method. All computations were made with Singular [DGPS12] .
Log-resolution
In what follows k is a field of characteristic zero. We denote W to be a smooth algebraic variety over k and we recall definitions of log-resolution, multiplier ideal and log canonical threshold. Definition 1.1. Let a ⊂ O W be a non zero sheaf of ideals on W . A log-resolution of a is a proper birational morphism Π : W ′ → W such that • W ′ is smooth over k, • the total transform of the ideal a O W ′ = O W ′ (−F ) is an invertible sheaf associated to a normal crossing divisor F in W ′ , • and Exc(Π) ∪ Supp(F ) is a simple normal crossing divisor, where Exc(Π) is the exceptional locus of Π.
It is well known that if the field k has characteristic zero, then log-resolution of ideals exists. In fact they are procedures to obtain the morphism Π as a constructive sequence of blowing ups
where here Π : W ′ → W is a log-resolution of a with the additional condition that the divisor F + Π * ∆ has normal crossings.
The definition of the multiplier ideal J (W, ∆, a t ) is independent of the choice of the log-resolution and it could be generalized when ∆ is a Q-divisor and even to the case W non-smooth, see [Laz04] . Note that the multiplier ideals {J (W, ∆, a t ) | t ≥ 0} are a filtration, J (W, ∆, a t 1 ) ⊇ J (W, ∆, a t 2 ) for t 1 ≤ t 2 . The first real number where the multiplier ideal is non trivial is called the log canonical threshold.
The definition may be local at a point ξ ∈ W ,
The log canonical threshold is a rational number, see [Laz04] . 
Proof. It follows from definition 1.3 and the fact that
Note that the morphism Π in 1.4 need not to be a log-resolution of a. We will apply this result for Π a pseudo resolution (3.5) of a general binomial ideal.
Toric varieties
We remind here some basic notions about toric varieties, for more details see [CLS11] [Ful93] or [Oda88] . See also [GPT14] for generalization to non necessarily normal toric varieties.
Fix N ∼ = Z n a n-dimensional lattice and let M = Hom(N, Z) be its dual lattice. Denote by N R the real vector space spanned by N. Definition 2.1. A cone σ in N R is a strongly convex rational polyhedral cone, that is a set of non negative linear combinations of some vectors v 1 , . . . , v r ∈ N such that it contains no nonzero R-subspace of N R .
A face of a cone σ is a subset τ ⊂ σ such that there exists w ∈ M with
One dimensional faces are called the rays of σ and we denote σ(1) the set of all rays of σ. Note that if ρ ∈ σ(1) then there exist a unique primitive vector v ρ ∈ N generating the semi-group ρ ∩ N. A fan Σ in N is a set of strongly convex rational polyhedral cones σ in N R such that every face of a cone σ ∈ Σ is also a cone in Σ and the intersection of two cones in Σ is a face of each one of them.
Given a fan Σ in N, the support of Σ, |Σ|, is the union of all the cones in Σ, that is, the set |Σ| = ∪ σ∈Σ σ ⊂ N R . We denote Σ(1) the set of all rays in Σ. By abuse of notation we will also denote σ(1), resp. Σ(1), the set of primitive vectors v ρ with ρ ∈ σ(1), resp. ρ ∈ Σ(1).
If σ is a cone in N, the dual cone σ ∨ ⊂ M R is the set of vectors in M R that are nonnegative on σ, that is
2.2. The semi-group σ ∨ ∩ M = {w ∈ M| w, u ≥ 0 ∀u ∈ σ} is finitely generated. Hence the algebra of the semi-group k[σ ∨ ∩ M] is a finitely generated k-algebra that defines an affine toric variety
In fact every affine normal toric variety is of this form.
Given a fan Σ in N we associate a (normal) toric variety W Σ obtained by gluing the affine toric varieties {W σ | σ ∈ Σ}, see [CLS11] for details.
2.3.
We say that a cone σ is regular if the primitive vectors σ(1) are part of a Z-basis of the lattice N. A fan Σ is regular if every cone σ ∈ Σ is regular. It is known that the toric variety W Σ is regular if and only if the associated fan Σ is regular. If σ is a regular cone, there exist a Z-basis of N, say v 1 , . . . , v n such that σ(1) = {v 1 , . . . , v r } for some r ≤ n. Let w 1 , . . . , w n be the dual basis in M, then the dual cone σ ∨ is generated by w 1 , . . . , w r , ±w r+1 , . . . , ±w n . The associated affine toric variety is Note that every cone σ ∈ Σ is generated by a subset of Σ(1) = {v 1 , . . . , v m ′ }, σ(1) = {v i 1 , . . . , v ir } for some indexes i 1 , . . . , i r . We associate to a fan Σ, and indeed to the toric variety W Σ , a set of vertices Ξ ⊂ N.
where {v m ′ +1 , . . . , v m } is a Z-basis of the complement N ′′ . Note that for every cone σ ∈ Σ there are vertices v i 1 , . . . , v in ∈ Ξ such that: Let σ be a regular cone generated by v 1 , . . . , v r and set Σ the minimum fan containing σ. The cones in Σ are σ and all the faces of σ. Fix a face τ of σ, and assume that τ is generated by v 1 , ..., v s , s ≤ r. The star subdivision of Σ with center a face τ ∈ Σ is the fan Σ ′ containing the cones σ 1 , . . . , σ s and all their faces, where each cone σ i , i = 1, . . . , s is generated by
If Σ is a fan and τ ∈ Σ is a cone, then the star subdivision of Σ with center τ is the fan Σ ′ such that:
• If σ ∈ Σ and τ is not a face of σ then σ ∈ Σ ′ .
• If σ ∈ Σ and τ is a face of σ then σ i ∈ Σ ′ for i = 1, ..s, where σ 1 , . . . , σ s are cones as in 2.5.1.
Recall that any subdivision Σ
′ of a fan Σ defines a proper birational morphism
If Σ is a regular fan (i.e. W Σ is a regular toric variety) and Σ ′ is a star subdivision of Σ, then Σ ′ is also a regular fan.
Let Σ ′ be the star subdivision of Σ with center τ . If Ξ = {v 1 , . . . , v m } is a set of vertices for Σ then a set of vertices Ξ ′ for Σ ′ is obtained by adding one element. If τ is generated by the vertices
Definition 2.7. Let W = W Σ be a regular toric variety, defined by a regular fan Σ. The combinatorial blowing up with center a cone τ ∈ Σ is the morphism
defined by the star subdivision Σ ′ of Σ with center τ (2.5).
Remark 2.8. Combinatorial blowing ups correspond to usual blowing ups with center defined by some variables.
Let Π : W Σ ′ → W Σ be the combinatorial blow-up with center τ ∈ Σ. Fix a cone σ ∈ Σ such that τ is a face of σ. Set v 1 , . . . , v r ∈ N be generators of σ such that v 1 , . . . , v s , s ≤ r are generators of τ . The open set U σ ⊂ W Σ is, by 2.3,
. The cone σ is replaced in Σ ′ by the s cones σ 1 , . . . , σ s , notation as in 2.5. The restriction of the combinatorial blow-up Π to the open set U σ ,
is the (usual) blowing-up of U σ with center (x 1 , . . . , x s ). Extend the generators of σ to v 1 , . . . , v n a Z-basis of N and denote w 1 , . . . , w n the dual basis. The cone σ ∨ is generated by w 1 , . . . , w r , ±w r+1 , . . . , ±w n . It is easy to check that for i = 1, . . . , s the cone σ ∨ i is generated by w 1 − w i , . . . , w i−1 − w i , w i , w i+1 − w i , . . . , w s − w i , w s+1 , . . . , w r , ±w r+1 , . . . , ±w n and
Definition 2.9. Let W = W Σ be a smooth toric variety. Let Ξ = {v 1 , . . . , v m } be a set of vertices for Σ. A monomial in W will be a monomial in the total coordinate ring (2.4). We will denote by
where a = (a 1 , . . . , a m ) ∈ Z m with non-negative entries for every one-dimensional cone which means:
• If σ ∈ Σ is a cone and σ(1) = {v i 1 , . . . , v ir } ⊂ Ξ then
If σ ∈ Σ is the cone generated by v i 1 , . . . , v ir then the monomial v a in the open set
It follows that the monomial v a defines a sheaf of ideals in O W which is locally monomial. A binomial in W will be a homogeneous binomial in the total coordinate ring. We will
• v a and v b are monomials, i.e. for every cone σ, with σ(1)
An irreducible binomial is a binomial as above of the form v β + − uv β − , where β ∈ Z m and for i = 1, . . . , m
See [CLS11, §5.3] for more details for sheaves on toric varieties. A binomial defines a hypersurface in W Σ such that at every affine open set U σ ⊂ W Σ it is defined by a usual binomial.
At every open subset U σ , σ ∈ Σ corresponds to an ideal generated by monomials in a polynomial ring. A general binomial ideal in W Σ is the ideal sheaf generated by a finite set of monomials and binomials.
Proposition 2.11. Every binomial v a − uv b may be expressed as a product of a monomial and an irreducible binomial
Proof. Set α i = min{a i , b i }, for i = 1, . . . , m, and β = a − b. Since v a − uv b is a binomial then it is easy to check that v β + − uv β − is also a binomial.
Pseudo-resolution
Combinatorial blowing up are enough to obtain the log-resolution of monomial ideals, but it is not possible to obtain log-resolution of binomial ideals only with this transformations. However we will prove that these combinatorial transformations are enough to obtain pseudo-resolutions which allow to compute the log canonical threshold.
In what follows Σ is always a regular fan and Ξ = {v 1 , . . . , v m } is a set of vertices of Σ.
Proposition 3.1. Let Σ ′ be the star subdivision of Σ with center σ ∈ Σ, let Ξ = {v 1 , . . . , v m } be a set of vertices of Σ and
Proof. It follows from 2.8 and 2.11.
Note that if a is a monomial (resp. general binomial) ideal then after a combinatorial blowing up W ′ → W then the total transform of a is again a monomial (resp. general binomial) ideal. In fact this is also true for any regular subdivision
is not obtained by a sequence of star subdivisions.
If a = (a 1 , . . . , a m ) ∈ Z m and σ ∈ Σ is a cone with σ(1)
Definition 3.2. We say that an irreducible binomial f = v β + − uv β − , with β ∈ Z m , is a hyperbolic equation if for every cone σ ∈ Σ then either β We will say that every monomial v a is weakly resolved.
Let Σ ′ be a subdivision of Σ obtained by a sequence of star subdivisions, and let f be a binomial in W Σ . Note that the morphism W Σ ′ → W Σ is a log-resolution of the ideal generated by f , if and only if the total transform of f is weakly resolved. For an ideal generated by more that one binomial the above result is not true, in this case one can obtain an embedded desingularization of the variety defined by the binomials, see [Tei04, Section 6]. Using the above partial ordering we can refine a weak-pseudo-resolution to a pseudoresolution.
Definition 3.5. Let a ⊂ O W be a general binomial ideal generated by binomials and monomials f 1 , . . . , f r . A pseudo-resolution of a with respect to generators f 1 , . . . , f r is a weak-pseudo-resolution
. . , f * r are the total transforms and for i = 1, . . . , r
then for every cone σ ∈ Σ ′ the vectors (α 1 ) σ , . . . , (α r ) σ are totally ordered with respect to the ordering .
Note that in order to prove if a weak-pseudo-resolution is a pseudo-resolution it is enough to check the condition of totally ordered only for maximal cones of Σ ′ .
Proposition 3.6. Let a be a general binomial ideal generated by f 1 , . . . , f r . There exists a pseudo-resolution of the ideal and it can be obtained by a sequence of star subdivisions of Σ.
Proof. First one may produce log-resolutions of every generator f i to obtain a weakpseudo-resolution W ′ → W of the ideal a. The total transforms f * 1 , . . . , f * r can be expressed as
where each v
. . , r is a hyperbolic equation. Now consider the monomial ideals generated by the pairs of binomials
and construct a simultaneous log-resolution for all these monomial ideals, say W ′′ → W ′ . Now it is easy to check that W ′′ → W is a pseudo-resolution of the ideal generated by f 1 , . . . , f r .
The proof of proposition 3.6 is based on the existence of log-resolution of monomial ideals. Now we define some invariants that will produce a constructive pseudo-resolution where every step is a combinatorial blowing up with a two codimensional center. 
If σ ∈ Σ is a cone then we set L(β, σ) = max{|β i − β j |, β i β j < 0, and {v i , v j } generate a 2-dimensional face of σ}.
Function L(f ) was introduced in [Zei06] in order to give a solution to Hironaka's polyhedra game. See also [Gow05] where the same invariant appears. The two-codimensional centers that will be allowed in our procedure will be those pairs appearing in the definition of the function L Σ .
a and v b are two monomials then we say that {v i , v j } is permissible for the pair of monomials {v
Proposition 3.9. Let f be an irreducible monomial in W Σ and let {v i , v j } be a permissible 2-dimensional face of Σ for f . If Σ ′ is the star subdivision of Σ with center
′ by two cones, say σ 1 and σ 2 , where
Definition 3.10. If f is an irreducible binomial we define the pair of positive integers (L(f ), Lp(f )), where Lp(f ) is the number of pairs i < j such that L(f ) = |β i − β j |.
Proposition 3.11. In the situation of proposition 3.9, if the pair
for the lexicographic ordering.
Proof. It follows from the proof of 3.9.
Theorem 3.12. Given an irreducible binomial f = v β + − uv β − , the log-resolution of the ideal generated by f may be obtained by 2-codimensional blowups.
Proof. It follows from 3.11.
Proposition 3.13. If {v a , v b } is a monomial ideal generated by two monomials, then the value (L(a − b), Lp(a − b)) may also be used to obtain a log-resolution of the ideal.
Corollary 3.14. For a general binomial ideal, we may obtain a pseudo resolution given by a sequence of two-codimensional blowing ups constructed with function (L, Lp). 
Computing lct with a pseudo-resolution
Let U be a smooth affine variety of dimension n. Let z 1 , . . . , z n be global sections in O U such that they are uniformizing parameters of U, which means that d z 1 , . . . , d z n is a basis of Ω U/k . Let a ⊂ O U be a monomial ideal in U w.r.t z's. The ideal a is generated by monomials
Let ∆ be a divisor defined by a monomial z c , z c = O U (−∆). We assume that if z j is a unit at every point in U then the previous monomials do not depend on z j . Then the multiplier ideal of a is
where P is the Newton polyhedron 4.1 of γ i 's in N n and 1 = (1, . . . , 1).
In particular the lct is 1 m where m is the minimum number such that m(c + 1) ∈ P .
Proof. It is an easy generalization of Howald's formula [How01] , see [Bli04] for more precise statement.
As a direct consequence of 4.2 we have the following result. 
where u i ∈ k * , i = 1, . . . , r. Let a r be the ideal generated by
. . , r, and let U = Spec(k[x 1 , . . . , x n ] h ) where h = x β 1 +···+βr . Assume that β 1 , . . . , β r are Q-linearly independent and set ϕ : β 1 , . . . , β r Z → k * to be the homomorphism from the lattice generated by β 1 , . . . , β r to the multiplicative group k * defined by ϕ(β i ) = u i , i = 1, . . . , r.
(1) y 1 , . . . , y r is part of a set of uniformizing parameters in U, (2) Let β r+1 ∈ Z n ≥0 be a vector with non negative entries and u r+1 ∈ k * . The hyperbolic binomial 1 − u r+1 x β r+1 is in the ideal a r if and only if β r+1 ∈ β 1 , . . . , β r Z and ϕ(β r+1 ) = u r+1 .
(
Proof.
(1) and (2) are proved in [ES96, Th. 2.1], nevertheless for (1) one can check it directly. The log-jacobian matrix of y 1 , . . . , y r is
and this matrix has rank r in k[x 1 , . . . , x n ] h if and only if β 1 , . . . , β r are linearly independent. Now we prove (3). By the assumptions, there exist a positive integer q and integers λ 1 , . . . , λ r such that
and note that (g, 1 − u r+1 x β r+1 ) = 1.
Set U 1 and U 2 the open sets of U given by localization at g and 1−u r+1 x β r+1 respectively and we obtain the result.
Note that in the proof of 4.5, only (1) needs that the field k has to be of characteristic zero. The result is also true for k of characteristic p > 0, if we assume thatβ 1 , . . . ,β r are F p -linear independent.
Lemma 4.6. Let r ≤ n and let α 1 , . . . , α r ∈ Z n ≥0 be such that
Consider R n+r with coordinates (x 1 , . . . , x n , y 1 , . . . , y r ) and the points
Then the Newton polyhedron of P 1 , . . . , P r , say P, is defined in R n+r ≥0 by the inequalities
Proof. We call coordinate subspaces of R n+r to the linear subspaces defined by some coordinates equal to zero. Since r ≤ n, inequalities defining the Newton polyhedron P are obtained by collecting the inequalities of the projections of P to coordinate subspaces of dimension r. To be more precise, the set of inequalities defining P is the union of the sets of inequalities defining p(P) where p : R n+r → R r is a linear projection defined by sending n coordinates to zero. Let denote e 1 , . . . , e n , v 1 , . . . , v r ∈ R n+r the vectors of the canonical base. If p(e 1 ) = · · · = p(e n ) = 0 then p(P) is the Newton polyhedron of (1, 0, . . . , 0), . . . , (0, . . . , 0, 1) defined by y 1 + · · · + y r ≥ 1. Assume that some v i is sent to zero, p(v i ) = 0. Let j 0 be the minimum index such that p(v j 0 ) = 0. Note that p(P j 0 ) = (α j 0 , 0, . . . , 0). For i > j 0 , it follows from α j 0 α i that p(P i ) ∈ p(P j 0 ) + R r ≥0 . The polyhedron p(P) is the Newton polyhedron of p(P 1 ), . . . , p(P j 0 ). Projecting v j 0 +1 , . . . , v r to zero and all but e i to zero we have the hyperplane
We conclude that p(P) is defined by the inequalities
Collecting all inequalities of the polyhedra p(P) for all possible projections p we obtain the required inequalities.
Lemma 4.7. Consider the points of R n+r+1 .
P 1 = (α 1 , 1, 0, . . . , 0, 0), P 2 = (α 2 , 0, 1, . . . , 0, 0), . . .
The Newton polyhedron of P 1 , P 2 , . . . , P r , P r+1 is defined by the inequalities
Proof. It follows from 4.6 by projecting v r+1 to zero.
The computation of the log-canonical threshold of a general binomial ideal will be reduced to the two cases described by lemmas 4.8 and 4.9.
Lemma 4.8. Let U be a smooth toric affine variety of dimension n. We known that
, where h is a product of some variables x i . Let a ⊂ O U be the binomial ideal generated by
where x α i and x β i are monomials in k[x 1 , . . . , x n ] h and u i ∈ k * , for i = 1, . . . , r. Set
We may assume that monomials x α i do not depend on variables x j appearing in h, these x j are units in U. Suppose that α 1 α 2 · · · α r where is the ordering defined in 3.4. Assume also that β 1 , . . . , β r are Q-linearly independent. Let ∆ be the divisor defined by the monomial x c . Then the lct(U, ∆, a) is the minimum of:
Proof. We cover U by open sets V 1 , . . . , V r , V r+1 :
• V 1 = {y 1 = 0}, • V 2 = {y 2 = 0, x β 1 = 0} = {y 2 = 0, x ℓ = 0 | ∀ℓ such that β 1,ℓ = 0}, • V 3 = {y 3 = 0, x β 1 +β 2 = 0} = {y 3 = 0, x ℓ = 0 | ∀ℓ such that β 1,ℓ = 0, β 2,ℓ = 0}, • . . . . . .
• V r = {y r = 0, x β 1 ···+β r−1 = 0} = = {y r = 0, x ℓ = 0 | ∀ℓ such that β 1,ℓ = 0, . . . , β r−1,ℓ = 0},
At every open set V s , s = 1, . . . , r, r + 1 we have part of uniformizing parameters, say Λ s = {y 1 , . . . , y s−1 } ∪ {x ℓ | β 1,ℓ = β 2,ℓ = · · · = β s−1,ℓ = 0}. Note that the x ℓ with (β 1,ℓ , β 2,ℓ , . . . , β s−1,ℓ ) = (0, . . . , 0) are units in V s . We may complete Λ s with some x ℓ , units in V s , in order to have uniformizing parameters in V s .
To be more precise, at every open set, we have a part of uniformizing parameters
At every open subset V s , s = 1, . . . , r, r +1 the ideal a is monomial w.r.t Λ s , respectively:
For s = 1, . . . , r we claim that lct(V s , ∆, a) is the minimum of
. . . . . . . . .
for ℓ such that β 1,ℓ = · · · = β s−1,ℓ = 0.
Set λ s = lct(V s , ∆, a) for s = 1, . . . , r. Lemma 4.7 gives the inequalities defining the Newton polyhedron defined by the monomials in V s . Applying lemma 4.3 we have that
and we have the claim. For the open set V r+1 , by 4.6 we have to add the inequality
Then lct(V r+1 , ∆, a) is the minimum of r and
for ℓ such that β 1,ℓ = · · · = β r,ℓ = 0, and we conclude the result.
Note that in lemma 4.8 the ideal was generated only by binomials, if we add a monomial to the generators then the result is very similar.
Lemma 4.9. Let U be a smooth toric affine variety of dimension n. As in 4.8 we have
, where h is a product of some variables x i . Let a ⊂ O U be the general binomial ideal generated by r binomials f 1 . . . , f r and one monomial f r+1 = x α r+1 , where
and
. . , r. We may assume that monomials x α i do not depend on variables x j appearing in h, since these x j are units in U.
where is the ordering defined in 3.4. Assume also that β 1 , . . . , β r are Q-linearly independent.
Let ∆ be the divisor defined by the monomial x c . Then the lct(U, ∆, a) is the minimum of:
Proof. The proof is analogous to the proof of 4.8.
Lemmas 4.8 and 4.9 describe all the cases that occur for a pseudo resolution of a general binomial ideal. We may cover the pseudo resolution of the ideal by open sets such that the total transform is either in the situation of lemma 4.8 or lemma 4.9.
Theorem 4.10. Let W = U τ be a n-dimensional affine smooth toric variety associated to a cone τ . Consider a set of vertices Ξ = {v 1 , . . . , v n } extending the rays of τ . Let a ⊂ O W be a general binomial ideal (2.10). The ideal a is generated by binomials and monomials f 1 , . . . , f r , where either
and u i ∈ k * . If f i is a monomial v a i then set b i = a i and u i = 0. Set γ i = b i − a i for i = 1, . . . , r and let s to be the rank of the matrix with rows γ 1 , . . . , γ r . Let Π : W ′ → U be a pseudo-resolution of the ideal a ⊂ O W for the generators f 1 , . . . , f r . The morphism Π is defined by a subdivision Σ ′ of the cone τ defining the affine toric variety W . Fix Ξ ′ ⊃ Ξ to be a set of vertices for Σ ′ . The total transform a O W ′ is generated by the total transforms of the original monomials and binomials, say f * 1 , . . . , f * r . If Ξ ′ = {v 1 , . . . , v m }, for some m ≥ n, then for i = 1, . . . , r either
since Π is a pseudo-resolution (3.5).
Denote by v c the monomial defining the canonical divisor K W ′ /W in W ′ . For every ℓ = 1, . . . , m denote by ε ℓ a permutation of the finite set {1, . . . , r} such that
Set r ℓ to be the minimum index such that f ε ℓ (1) , f ε ℓ (2) , . . . f ε ℓ (r ℓ ) O T = O T , where T ⊂ W is the embedded torus of the toric variety. We set r ℓ = r + 1 if f 1 , . . . , f r O T = O T . Denote by 1 = n 1 < n 2 < · · · < n s ℓ < n s ℓ +1 = r ℓ the increasing sequence of natural numbers such that for every j with n i < j < n i+1
Note that the sequence n 1 , . . . , n s ℓ depends on ℓ.
Finally sets
where the last expression only takes effect if r ℓ ≤ r.
Proof. First note that the matrix with rows γ i 1 , . . . , γ iq for some i 1 , . . . , i q has the same rank as the matrix β i 1 , . . . , β iq , this comes from 3.1. Let σ ∈ Σ ′ be a cone defining an affine open set U σ ⊂ W ′ . We know that U σ ∼ = k[x 1 , . . . , x n ] h where h is a product of some variables. The ideal a O Uσ is generated by binomials and monomials either f
Where the α
come by neglecting some coordinates from α i , β i and u
i . Note also that the matrix with rows γ i 1 , . . . , γ iq for some i 1 , . . . , i q has the same rank as the matrix β
r are totally ordered with respect to . After reordering variables x i we may assume that
Set r 0 to be the minimum index such that
we set r 0 = r + 1 if
The ideal a O Uσ is generated by
if r 0 = r + 1.
Let 1 = n 1 < n 2 < · · · < n s 0 < n s 0 +1 = r 0 be the sequence such that for every j with n i < j < n i+1
Note that this is equivalent to:
are Q-linearly independent and • for every j with n i < j < n i+1 then β ′ j is in the Q-linear span of the vectors β
Denote by ∆ = −K W ′ /W | Uσ and assume it is defined by the monomial x c . Then it is enough to proof that lct(U σ , ∆, a O Uσ ) is the minimum of s,
where the last expression only takes effect if r 0 ≤ r. Applying lemma 4.5 we can cover U σ by open sets U 0 , U 1 , . . . , U s ′ , U s ′ +1 such that
where in case r 0 = r + 1 we set x αr 0 = 0. Finally the result follows now from lemmas 4.8 and 4.9.
Remark 4.11. Let W = U τ be a n-dimensional affine smooth toric variety associated to a cone τ as in 4.10, fix a point ξ ∈ U τ in the orbit of the distinguished point of U τ (see [CLS11, page 116] ) and assume that the general binomial ideal a ⊂ O Uτ is such that a ξ = O Uτ ,ξ , then lct(U τ , ∆, a) ξ = lct(U τ , ∆, a). If W = W Σ is a smooth toric variety and a ⊂ O W is a general binomial ideal (2.10) then lct(W, ∆, a) = min {lct(U σ , ∆| Uσ , a| Uσ ) | σ ∈ Σ} . For a point ξ ∈ W such that a ξ = O W,ξ , set σ ∈ Σ the unique cone such that ξ ∈ U σ and ξ is in the orbit of the distinguished point of U σ (see [CLS11,  page 116]), we have that lct(W, ∆, a) ξ = lct(U τ , ∆| Uτ , a| Uτ ).
Theorem 4.10 gives a way of computing the log-canonical threshold of a general binomial ideal, but one needs to compute a pseudo-resolution of the ideal. We want to avoid this computation and express the log-canonical threshold of the ideal in terms of simpler computations. Note that the entries of the matrices M + and M − are non-negative integers. 
where the minimum is taken for every component,
• r 0 to be the minimum index such that
•s = ∞ if r 0 ≤ r ands = s otherwise, • denote by 1 = n 1 < n 2 < · · · < n s 0 < n s 0 +1 = r 0 the sequence such that -the rows M ε(n 1 ) , . . . , M ε ℓ (ns 0 ) are Q-linearly independent and -for every j with n i < j < n i+1 then the row M ε ℓ (j) is in the Q-linear span of the rows M ε ℓ (n 1 ) ,. . . ,M ε ℓ (n i ) , • and set s v ≤ min{s 0 + 1, r} the maximum index such that β ε(n 1 ) = β ε(n 2 ) = · · · = β ε(n sv −1 ) = 0. We define lct (M + ,M − ,u) (v) to be the minimum of
,
We also define lct *
.
Note that lct *
, where N is the 2r × n matrix obtained by joining the rows of M + and M − . In terms of ideals, if the triple (M + , M − , u) corresponds to a general binomial ideal a then the triple (N, N, 0) corresponds to the monomial ideal generated by all monomials appearing in the generators of a. Note also that in definition 4.13 the coefficients u are used only to set the index r 0 . We will prove in 4.18 that the minimum value of lct (M + ,M − ,u) is the log canonical threshold of a, so that the minimum of lct * (M + ,M − ,u) is the minimum of the previous monomial ideal.
The value of lct (M + ,M − ,u) (v) only depends on the ray defining v.
Lemma 4.14.
Proof. It follows from the definition 4.12.
This means that the map lct (M + ,M − ,u) is, in some sense, projective.
] be the ideal defining the monomial curve (t 6 , t 8 , t 10 , t 11 ).
The triple associated to a is (M + , M − , u) where We compute the value lct (M + ,M − ,u) (v) for v = (6, 8, 10, 11). The ingredients in definition 4.13 are the following:
The permutation ε is the identity and since ak[x
] then r 0 = 5. The sequence n 1 < n 2 < n 3 < n 4 = r 0 = 5 is n 1 = 1, n 2 = 2, n 3 = 4. Since β = 0 then s v = s 0 = 3. Note that the third row of the matrix M is in the linear span of the first two rows. Finally lct (M + ,M − ,u) (v) is the minimum of
. Now consider the ideal
4 . Note that the generators of a 1 only differ in one coefficient from those of a. The triple associated to a 1 is (M + , M − , u 1 ) with the same matrices and u 1 = (1, 1, −1, 1). In this case we have that
So that r 0 = 3 and the sequence n 1 < n 2 < n 3 = r 0 = 3 is n 1 = 1, n 2 = 2. We conclude that lct ( 
The function lct (M + ,M − ,u) is not continuous in general, but we may stratify the space R n ≥0 such that the function lct (M + ,M − ,u) is continuous in every stratum. In fact this stratification is given by a fan. 
Let Γ be the fan obtained by the subdivision of R n ≥0 given by these hyperplanes. For every cone γ ∈ Γ the relative interior of γ is defined by some hyperplanes equalities and some hyperplane inequalities, ≥ 0 or ≤ 0 of (4.16.1). By our construction, the permutation ε and the sequence n 1 < · · · < n s 0 in definition 4.13 are the same for all v in the relative interior of γ. The function lct (M + ,M − ,u) in the relative interior of γ is continuous since it is the minimum of continuous functions.
Note that our fan Γ is a subdivision of the fan constructed in [Tei04, Proposition 6.3].
Proposition 4.17. Let W = A n k and let a ⊂ O W be a general binomial ideal generated by binomials and monomials f 1 , . . . , f r . Let (M + , M − , u) be the triple associated to a (4.12). Let Π : W ′ → W be a pseudo-resolution of the ideal a O W for the generators f 1 , . . . , f r defined by a subdivision
Proof. It follows from the definition 4.13 and theorem 4.10.
Proposition 4.17 gives a way of computing lct(W, a) in terms of the rays of a pseudoresolution of the ideal a, and the value lct(W, a) is bigger than or equal that the minimum value (if it exists) of the function lct (M + ,M − ,u) . In fact, we prove that the minimum of the function lct (M + ,M − ,u) exists and it is equal to lct(W, a). 
. We only have to prove the reverse inequality. If v ∈ Q n ≥0 , let m ∈ N such that mv ∈ N n . Consider a subdivision Σ 1 of R n ≥0 containing mv and refine Σ 1 in order to have a subdivision Σ 2 and a pseudo-resolution of a with mv a ray of Σ 2 . By 4.17 and 4.14
Let Γ the fan of proposition 4.16. If v ∈ Γ(1) then there exist λ ∈ R with λv ∈ Q n ≥0 and again by lemma 4.14 we obtain the above inequality. Assume that v ∈ R n ≥0 and v ∈ Γ(1), there exists a unique cone γ ∈ Γ with v in the relative interior of γ. There are w ℓ ∈ Q Proposition 4.19. Let (M + , M − , u) be the triple associated to a and let Γ be the fan given by 4.16. The minimum of the function lct (M + ,M − ,u) (4.13) is attained at some ray of the fan Γ. If Γ(1) = {w 1 , . . . , w t } then min lct (M + ,M − ,u) = min lct (M + ,M − ,u) (w i ) | i = 1, . . . , t .
Proof. Let γ ∈ Γ be a cone. As in the proof of 4.16 There is a permutation ε of {1, . . . , r} such that, with the notation of 4.13, for i = 1, . . . , s v . Since the α v,ε(n j ) are linear functions on v ∈ γ and ϕ i (λv) = ϕ i (v) (4.14) we have that
The function ϕ i restricted to the hyperplane α v,ε(n i ) = 1 is a linear function and its minimum will be attained at some point of the boundary of the domain. This proves claim 1. For claim 2 note that the number s v is constant for all v in the relative interior of γ. If v ′ is in the relative boundary of γ then s v ′ ≥ s v and claim 2 follows.
Computation and examples
We describe a simple procedure to compute the rays of the fan Γ appearing in proposition 4.19. It is a naive procedure, but even if it may be improved it avoids any computation of a pseudo-resolution of the ideal. In fact, complexity is bounded only in terms of the number of variables n and the number of generators r.
Remark 5.1. Let a ⊂ k[x 1 , . . . , x n ] be a general binomial ideal generated by f 1 , . . . , f r , where each f i is either a monomial or a binomial. Set (M + , M − , u) be the triple associated to f 1 , . . . , f r (4.12). We denote M We may delete some rows of A:
• every row with A i = 0,
The ideals a 1 and a 2 only differ in one coefficient and they have different log canonical threshold: lct(W, a 1 ) = 17 12 , lct(W, a 2 ) = 3 2 .
This is an example that illustrates that the log canonical threshold of a general binomial ideal depends not only on the exponents of the monomials, but also on the coefficients. For the ideal a 2 , we have 
